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A wave motion generated on the surface of a heavy incompressible fluid by
oscillations of a section of the bottom of a tank with a dock is studied, The
problem of waves generated by an oscillating section of the bottom of a tank
was dealt with in [1, 2], In the present paper the Wiener~-Hopf method [3] is
employed to solve the analogous problem in which the boundary conditions
have been altered, namely, a part of the free surface is covered with an immo-
vable rigid plate, An expression for the velocity potential describing the mo-
tion of the fluid in the problem under consideration is derived, The results of
[2, 4, 5] are found to be particular cases of the solution obtained here, The
numerical example given shows that the rise of the free surface is smaller on
the dock side than that at the corresponding point at the side opposite to the
oscillating section of the bottom,

1, Animmovable rigid plate is situated at the surface of a fluid of finite depth 4,
occupying the region y == h, x <l — land — o0 <C z< oo. The coordinate origin
is placed at the bottom of the tank and the y-axis is directed vertically upwards, The
section y = 0, 0 <C 2z <C a, — oo << z <{ oo of the bottom undergoes vertical dis-
placement according to the law

y = Re v (1) exp i (kz — wt)]

where ¢ (2) is a numerically small, smooth function, The velocity potential ¥ (z, y.
Z, t) which in this case describes the motion of the fluid, must satisfy the following
boundary value problem

AF(x,y,2,t) =0 O<<y<h —oo<z< o0, — %0 <2< )
0*F [ 012 + gdF |3y = when y —=h, r>—1l, —olzlo

OF |0y =0 when y=h, z<—1, —r<z1< (1.1)
oF 1oy = | ¢ Re [iv () exp i (kz — 0] Oz <d)l = — z
Iy {0 (— 0 <20, a<z<x) [y 0’ O0/\ <"O
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The fluid motion must be bounded near the point {— [, ) as well as at a distance
from the dock, and it must gradually decay under the dock, The first condition is ex-
pressed by the requirement that 9F / 3¢ is bounded at the dock edge [1].

The function F (z, y. z, t) is sought in the form

F(z, y, z, t)= Re lg (2, y) exp i (kz — )] (1.2
For ¢ (x, y)we have
Ap—Fkp=0 (0<y<h, —oLz o)
0p/0y —BP =0 when y=h, z>-—1 @=0/g)
99 /0y =0 when y=h, z<—!
—iov(z) Oz <<a) |
o9 /9y :{0 (—o <20, a< z< oo

| (x, y)| << M = const when r = {(x 4 [)* 4 (y — k)] —0

when y=0 (1,3)

lim ¢ = D,chCyyei®*, D, =const, U = const

lim ¢ = D_expkz, k>0, D_=const
X—r——0

where - iC, are roots of the equation B cos Ch -+ C sin Ch = 0. Applying to(1.3)
the Fourier transforms and making use of the notation

oc

O,y = § ¢@ ye=dr, a=s+tin

a

O, (2, y) = § ¢, pereddz, V()= v(@)ede
Y § 0
—1

O_(a, y) = S ¢z, y)edr, 7 = +k?

—oc
we obtain the following functional equation:

oV ial
D, (o, ) + K (@) D_(a, h) = W%h(j—);T‘rh (1.4)
Y shvh
K(“):m O<T<<k, —x <a<x)

Here @ , (o, k) is a function regular in the semiplane T > 0 and D_ (@, k) is
regular in the semiplane T < k. The kernel K (a) of (1, 4) is a function, regular in the
strip under consideration,

_ ioV(@) ychy(h—y)—Bshy(h—y) Be™®_(a, h)chry
(o, y) = — Tshth — Bch 1A ——rsrh—pearh o (19

2, The functional equation (1, 4) is solved using the Wiener-Hopf method [3], Let
us factorize the function [4]

_ i — k I (4 - k2R2 [ (2] — iah [ (nm)
Ki(o)= B1— k% (2® + &%) / po?] nl—:[l (1 -+ k2h2 [p, 2]/ —iah /p,
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+ k2h?/p 2}'/: + i:zh/p
a¢! + k2h? [ (n2n2)]"2 - iath [ (nx)

K_(a)= h(k-}—td) H
where - p, / h and - ip, / h are roots pf the equation p sh ph — P ch ph = 0,
and Pp = nx + Bh/ (nn) when n >> 1. Multiplying (1,4) by [K, (a)I™* we obtain

@, (2, h) (@, By io V() e
K, @ +5 K (@) — [Tshth—Bch1h K, (@)

= ol (o)

Applying now the partition method [3], the Liouville theorem [4] and taking into account
the condition (1, 3) at the edge, we obtain the following relation for the above equation:

ic4-o0 id+0
®.@h o ( T@®E __O@h _ o ( T@E& _,_
K, @) on S E—a  K_(9  Za S Foo — P =const
ic—o0 id—oc0
O<e<r<Cd<h)
from which follows i
— ® I'(§)dg
O_(a, h) = — K._ (a)[P + o S —zia—] (2.1)

The integral in (2, 1) should be computed using the residues at the poles of the upper
semiplane, since the integrand expression contains, as a multiplier, the function[K,,(E)]‘1
which is analytic in the upper semiplane and has an infinite number of poles in the lower
semiplane, The integrand expression in (2,1) has, in addition to the roots of [V (§)17%,
the following singularities (poles) in the upper semiplane :

g = ivm Vp = [k2 + pn2/h2]l‘/2 (" =1, 21 . )

Using the theorem of residues, we can write (2,1) in the form

D (o, ) = — K_(a) [2 res (E,) + P |- (2.2)
o —v 1
pn‘lV (ivn) e ™
+ mn§1 voh [B2h% —Bh 4-p 2] cosp,, (iv, — ) K, (tv,) ]

Here , are the roots of the equation [V (§)I™ = 0. Now, applying the inverse Fourier
transforms to (1. 5) and taking (2, 2) into account, we obtain the solution of (1, 3).

3, Let the amplitude function be given by v (x) = ¢ sin n/a x, where g denotes
the maximum deflection of the points lying on the median of the oscillating section of

the bottom and is assumed small compared with 4. Then
a

V(a) = sSsm—xe’“dx =eg—
0

x 14 el
a n?/a®—a?

(3.1)

The denominator in the right-hand part of (3, 1) does not vanish in the upper semiplane
T > 0, therefore in the present case (2,2) assumes the form

D_(a, h) = — K_(a) X

-V, _a —-v_1
n (e ")p e’
x [P +eo a El v, b [B2h* —Bh 4 p2leosp, (v, ? -+ n?/ a?) (iv,, —a) K+ (ivﬂ)] (3'2)
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Applying the inverse Fourier transform to (1, 5) and taking into account (3,1) and (3, 2),
we can write the solution of (1, 3) for our particular case, as

Pz, y) = ¥z, v) +ism3;—{f0(y) [sin & (z — a) + sin &z] +

+ % fa(y) (4 + e"ﬂ")e‘“n"} when a < z < oo (3.3)
P, y) = ie(o%{ z [bc};z EZS;:Z ZEZ};Z}E? =Y sin—g— z 4 fo (y) sin bz +
+—%3Awwﬂﬂ—w%““ﬂ+ﬂvudnano<z<a (3.4)
(P(-T,Z/)=‘P'($,y)+i8D—T:Z—R(z, Y) when —1<z<0 (3.5)
wmw:ww%ggwﬁﬁggg%mw%wW+Ruwﬁ+
+8] :gl (—1)" -KHJ—) - (i) €7 cos Sy +-

+ ¥ (ik) KJ'T(;LIL) €k("'+”} when — ©x <z < —1 (3.6)

24 . . \
foly) = {V__M[%—ch%—(h—y)_gsh%(h_y)]

i () = — (Pn Pn o 3sin ™ (1

W)= S | s =) = Bsin gt (h—y) |
= po A = pn

° 6(Bh_Bth -_*— poz) ch Po ’ o Vn (Bzhg—_shﬁ_pnz) cos pn

N

b= <k2 + —H ¥z, y) = — B Ao S 1h_(8) K_(8) e —

—P_(— 8) K_(— 8) =Dy ch Ly +

1 D A (— iv) K_(— iv,) €m0 cos T )

n=1 E

R, y)=— D faly) (1 +en")e "
n=l1
() = — 0

It should be noted that the formulas (3. 3) — (3, 6) yield the results of [2] for [ — o0,
the results of [4] for € — 0, and the results of [5] for [ — O.

4. If we limit ourselves to the case I/ h > 1, ise, if we assume that the distance
between the plate edge and the oscillating section of the bottom exceeds the depth of
the fluid, then the terms containing the factor exp (—wvy!) will vanish from the expres-
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sions (3, 3)—(3,6) and the form of the surface will be given by the formulas

L(z, 2, 1) =en3(Businbz 4 sind(z —a)l + D) B, (1 e )e
n=1

when a <z < oo (1)

}cos (k7 — ob)

_ asinnz/a Bosin & B o 'n" _ vn(x—a)}
C(x, 2, 1) mB{n(bshbh——Bchbh)—{_ o sin x—{—z . le e 1V %

ns=1
Xeos (kz —wt) when 0z <a (4.2)
Lz 5 )=—eaB Dy B, (1 + e ")e™" cos (hz — o) (4.3)
n=1
when — Il <2< 0
B — 2A45p0/ R _Agpn
0_62—112/!12’ n—vnz+n2/a2

Formulas (4,1)—(4, 3) do not include the terms which are obtained from (3, 3)— (3, 6)
in the absence of motion of the bottom (¢ = (), i.e. the terms which define the natural
oscillations of the free surface of the fluid which are the same for all three regions
(—!, 0), [0, a} and (a, o),
For the values of parameters ¢ = 0.1m, h=1m, a=2m, 0 = 4.34secand k =
1 m, we obtain the following values for the rise of the free surface { (m) along = (m):
= —2, 1 and 4 we have { = 0.001, 0.194 and 0.174.
From these results we can conclude that the presence of a dock at the surface of a
fluid exerts a stabilizing influence on small perturbations appearing as the result of a
section of the bottom undergoing a deformation,
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